ics
-~

d
16

3

1]

20
GGG

<~

y and Graph

d Bd BNd BNg

N2 N2 v‘v‘v N
<
<>

Proceedings

O,
f’

< e

§

¢ vH v.nvunv. .

The 5th International Scientific

P

__ Conference on Geometr

moNGeometr

s

- ta
9 A
SR A A

= QPR Y=( 00 .
) O Y, (S ¢
2 B AR R g S

Akademska misao



The 5" International Scientific Conference on Geometry and Graphics
moNGeometrija 2016

PROCEEDINGS

moNGeometrija
)16

June 23" — 26" 2016 Belgrade, Serbia

ISBN

Akademska misao
Beograd 2016.



The 5" International Scientific Conference on Geometry and Graphics

MoNGeometrija 2016

Publishers

Serbian Society for Geometry and Graphics (SUGIG)
Faculty of Civil Engineering, University of Belgrade
Akademska misao, Beograd

Title of Publication
PROCEEDINGS

Editor-in-Chief
Marija Obradovi¢

Co-Editors
Branislav Popkonstantinovi¢
Porde Dordevic

Graphic design
Marijana Paunovi¢
Dorde Dordevi¢
Maja Petrovié¢

Formatters
DPorde Dordevic

Maja Petrovic¢

Printing
Akademska misao

Number of copies 100

ISBN



The 5 International scientific conference on Geometry and Graphics

MoNGeometrija 2016

Conference Organizers

Serbian Society of Geometry and Graphics (SUGIG)

Faculty of Civil Engineering, University of Belgrade

Faculty of Mechanical Engineering, University of Belgrade

Faculty of Forestry, University of Belgrade

Faculty of Transport and Traffic Engineering, University of Belgrade

Faculty of Applied Arts, University of Arts in Belgrade

Ministry of Education, Science and Technological Development of
Republic of Serbia



Scientific Committee:

Hellmuth Stachel - Austria
Gunter Weiss - Germany
Milena Stavric - Austria
Albert Wiltsche - Austria
Sonja Gorjanc - Croatia

Ema Jurkin - Croatia

Laszlo Voros - Hungary
Sofija Sidorenko - Macedonia
Carmen Marza - Romania
Dirk Huylebrouck - Belgium
Naomi Ando - Japan

Virgil Stanciu - Romania
Emil Molnar - Hungary
Marija Jevric - Montenegro
Daniel Lordick - Germany
Svetlana Shambina - Russia
Olga Timcenko - Denmark
Vera Viana - Portugal

Viktor Mileikovskyi - Ukraine
Risto Tashevski - Macedonia
Radovan Stuli¢ - Serbia
Branislav Popkonstantinovi¢ - Serbia
Ratko Obradovi¢ - Serbia
Ljubica Velimirovi¢ - Serbia
Ljiljana PetruSevski - Serbia
Biserka Markovic¢ - Serbia
Marija Obradovi¢ - Serbia
Branko Malesevi¢ - Serbia
Aleksandar Cuéakovi¢ - Serbia
Vesna Stojakovi¢ - Serbia
Sonja Krasi¢ - Serbia

Ljiljana Radovi¢ - Serbia
Dorde Dordevi¢ - Serbia
Slobodan Misi¢ - Serbia
Magdalena Dragovi¢ - Serbia
Gordana Dukanovi¢ - Serbia
Zorana Jeli — Serbia



Organizing Committee:

Marija Obradovi¢
Branislav Popkonstantinovié¢
Slobodan Misi¢
Zorana Jeli

Dorde Pordevic¢
Gordana Pukanovi¢
Ratko Obradovi¢
Aleksandar Cuéakovié
Magdalena Dragovi¢
Maja Petrovi¢
Marijana Paunovi¢
Bojan Banjac

Igor Kekeljevié¢

Misa Stojicevié

Emil Veg

Reviewers:

Prof. Radomir Mijailovic — Serbia

Prof. Ratko Obradovi¢ — Serbia

Prof. Branislav Popkonstantinovi¢ — Serbia
Prof. Radovan Stuli¢ — Serbia

Associate Prof. Aleksandar Cugakovi¢ — Serbia
Associate Prof. Sonja Krasi¢ — Serbia
Associate Prof. Branko Malesevi¢ — Serbia
Associate Prof. Carmen Marza — Romania
Associate Prof. Marija Obradovi¢ — Serbia
Associate Prof. Ljiljana Radovi¢ — Serbia

Ass.
Ass.
Ass.
Ass.
Ass.
Ass.
Ass.
Ass.
Ass.

Prof. Magdalena Dragovi¢ — Serbia
Prof. Borde Pordevi¢ — Serbia
Prof. Gordana Dukanovi¢ — Serbia
Prof. Zorana Jeli — Serbia

Prof. Slobodan Misi¢ — Serbia
Prof. Dejana Neducin — Serbia
Prof. Milena Stavric — Austria
Prof. Vesna Stojakovi¢ — Serbia
Prof. Albert Wiltshe — Austria






TABLE OF CONTENTS

(alphabetically ordered by the Paper title)

TABLE OF CONTENTS ...ttt ettt sttt ettt sttt ebe st bt naens 7
LOCAL ORGANIZERS FOREWORD ........cccootiiiiiiiiiiiiieeit ettt sttt 13
Zorana Jeli, Branislav Popkonstantinovic, Misa Stojicevic, Rasa Andrejevic, Ivana Cvetkovic:

3D ANALYSIS OF GEOMETRICAL FACTORS AND INFLUENCING OPPOSING AIR ARROUND
SATELITE DISH 14

Branislav Popkonstantinovic, Dragan Petrovic, Zorana Jeli, Misa Stojicevic:

A NEW APPROACH IN LECTURE DELIVERY AT THE COURSE ON MECHANISM DESIGN AT
THE FACULTY OF MECHANICAL ENGINEERING, UNIVERSITY OF BELGRADE .............ccceuuuee 23

Luka Kilibarda, Milena Pordevi¢, Julija Momcilovi¢, Anastasija Martinenko, Magdalena Dragovi¢, Mateja
Korica:

A PRESENTATION METHOD OF STUDENTS’ ASSIGNMENT IN GEOMETRY-INTERSECTION OF
TWO SURFACES OF SECOND ORDER 31

Gordana Pukanovi¢, Porde Pordevi¢, Milorad Jani¢, Vjaceslava Mati¢

APPLICATION OF ENGINEERING GRAPHICS IN FURNITURE DESIGN 37

Jovana Maksimovi¢, Milica Mirkovi¢, Ljiljana Brajovi¢, Goran Todorovié:

APPLICATION OF GEOMETRY IN GEODETIC INSTRUMENTS AND MEASUREMENT TECHNICS
44

Maria Salekh, Marina Rynkovskaya:
APPLICATION OF LATTICE SHELLS WHEN SHAPING PROGRESSIVE ARCHITECTURE.......... 57

Vera Miler Jerkovi¢, Milica Jankovié, Bojan Banjac, Branko Malesevi¢, Biljana Mihailovi¢:

APPLICATIONS OF THE GENERALIZED {1, 4} INVERSE IN RESTORATION OF BLURRED
IMAGES 62

Alina Duta, Ludmila Sass, Gabriel — Catalin Marinescu:

APPROACHES IN SOLVING SOME TANGENT PROBLEMS 69

Aleksandar Trifunovi¢, Dragan Lazarevi¢, Svetlana Cicevié, Marjana Cubrani¢-Dobrodolac, Mom¢ilo
Dobrodolac:

ASSESSMENT OF SPATIAL VISUALIZATION CAPABILITY AND PRECISION IN GEOMETRICAL
SHAPES DRAWING 75

Dimitrije Jovanovic, Petar Pejic, Sonja Krasic:

AUGMENTED REALITY PRESENTATION OF CONCEPTUAL DESIGN OF DETACHED HOUSE
INTENDED FOR INDIVIDUAL LIVING IN NIS 82

Naomi Ando:

AUTOMATIC CONFIGURATION OF CITYSCAPES 83

THE 5™ ICGG CONFERENCE | MONGEOMETRIJA 2016 | PROCEEDINGS | Belgrade: 23-26 June 2016 7



TABLE OF CONTENTS

Jelena Leti¢, Isidora Purié:

AUTOMATIC PHOTOGRAMMETRIC APPROACH FOR 3D RECONSTRUCTION OF COMPLEX
GEOMETRIC FORMS 87

Nevena Radojevic:

CENTRAL PROJECTION: DIFFERENT APPLICATIONS IN ARCHITECTURAL DESIGN
PROCESSES FROM DESIGN TO CONSTRUCTIVE TOOL 96

Sonja Krasi¢, Petar Peji¢, Milica Veljkovi¢:

A COMPARATIVE ANALYSIS OF CONTEMPORARY AND CLASSICAL TEACHING METHODS OF
DESCRIPTIVE GEOMETRY AT THE FACULTY OF CIVIL ENGINEERING AND ARCHITECTURE
IN NIS 109

Stefanita Ciunel, Bebe Tica, Gheorghe Popa-Mitroi:

COMPARATIVE STUDIES AND ANALYSIS OF THE TWO TYPES OF FRAMES DEVICES FOR THE
DUMMY NECK TESTING SYSTEM 118

Marija Obradovic:

COMPOSITE POLYHEDRAL FORMS OBTAINED BY COMBINING CONCAVE PYRAMIDS OF THE
SECOND SORT WITH ARCHIMEDEAN SOLIDS 124

Marko Jovanovi¢, Marko Vuéi¢, Radovan Stuli¢, Milena Stavrié:

COMPUTER AIDED CURVE AND SURFACE GENERATION IN RELATIVISTIC GEOMETRY OF
HARMONIC EQUIVALENTS 132

Slavko Risteski, Risto Tashevski, Tashko Rizov:

CONCEPT DESIGN OF A SPORTS COUPE WITH ERGONOMIC ANALYSIS AND
PHOTOREALISTIC RENDERING 138

Petar Peji¢, Sonja Krasi¢, Milica Veljkovi¢, Srdan Sakan:

CONTEMPORARY APPROACH IN TRADITIONAL ARCHITECTURAL PROJECT PRESENTATION
- CASE STUDY OF MH PETRA 152

Maja Petrovi¢, Bojan Banjac, Branko Malesevi¢, Radomir Mijailovic:

CURVE FITTING BY MULTIFOCAL ELLIPSES IN ARCHITECTURAL STRUCTURES GEOMETRY
160

Dimitrije Nikoli¢:
DETERMINATION OF THE CENTROID OF POINTED ARCHES ACCORDING TO RADIAL
STEREOTOMY 165

Emil Veg, Mladen Regodi¢, Aleksandra Joksimovic:
DEVELOPMENT OF THE TRANSMISSION TOWER VIRTUAL 3D MODEL FOR STRUCTURAL

ANALYSIS IN ANSYS 171
Gabriella Liva:

DIGITAL GEOMETRIES: GEOMETRICAL LOGIC IN FRANCESCO BORROMINI’S CHURCHES
OF SAN CARLINO AND SANT’IVO 177

Branislav Popkonstantinovic, Ljubomir Miladinovic, Zorana Jeli, Misa Stojicevic:

EVENT BASED MOTION ANALYSIS OF ESCAPEMENT MECHANISM 3D MODEL...........cccceceeueeu. 186

8 THE 5™ ICGG CONFERENCE | MONGEOMETRIJA 2016 | PROCEEDINGS | Belgrade: 23-26 June 2016



TABLE OF CONTENTS

Dinu Dragan, Srdan Mihic, Dragan Ivetic:

EXAMPLES OF RAPID DEVELOPMENT OF 3D CONTENT USING WINDOWS PRESENTATION
FOUNDATION AND HELIX TOOLKIT 194

Milena Stavri¢, Albert Wiltsche:

FROM PARAMETRIC MODELLING TO DIGITAL FABRICATION: FOLDING SPACE
STRUCTURES 206

George Gherghina, Dragos Popa, Dragos Tutunea:
FROM THE SKETCH IN TECHNICAL DRAWING TO DMU IN ENGINEERING EDUCATION.....212
Dimitrije Nikoli¢, Radovan Stuli¢:

GEOMETRIC ANALYSIS OF ADMISSIBLE COLLAPSE MODES OF POINTED ARCHES HAVING
MINIMUM THICKNESS 218

Olena Gumen, Volodymyr Dovhaliuk, Viktor Mileikovskyi, Olha Lebedieva:

GEOMETRIC ANALYSIS OF TURBULENT MACROSTRUCTURE IN JETS LAID ON FLAT
SURFACES FOR TURBULENCE INTENSITY CALCULATION 225

Olga Tim¢enko, Katarina Jevti¢-Novakovi¢, Marija Micovi¢:

GEOMETRICAL FORMS IN WORKS OF ARCHITECT MARIO JOBST 231

Misa Stoji¢evi¢, Miodrag Stoimenov, Zorana Jeli, Branislav Popkonstantinovi¢:

HISTORY OF WALKING MACHINES 239

Predrag Sidanin, Marko Lazié, Ratko Obradovic:
IMMERSIVE VIRTUAL REALITY COURSE AT THE DIGITAL PRODUCTION STUDIES.............. 245

Ivana Marciki¢, Marijana Paunovic:

INVERSE PERSPECTIVE IN CEZANNE’S ART 250

Agostino De Rosa:
J. F. NICERON: PERPSECTIVE AND ARTIFICIAL MAGIC 259

Dejana Nedu¢in, Radovan Stuli¢, Dimitrije Nikoli¢:

LEARNING OUTCOMES AS A BASE FOR SYLLABUS ADJUSTMENT OF THE GEOMETRY AND
VISUALIZATION OF 3D SPACE COURSE 273

Ljiljana Petrusevski, Maja Petrovic, Mirjana Devetakovic, Jelena Ivanovic:
MODELING OF FOCAL-DIRECTORIAL SURFACES FOR APPLICATION IN ARCHITECTURE....278

Hellmuth Stachel:
ON THE COMPUTATION OF FOLDINGS 287

Ludmila Sass, Alina Duta, Iulian Popescu:

ORIGINAL APPLICATIONS FOR GEOMETRICAL EQUIVALENCE PROBLEM 289

Aleksandar Cugakovié, Biljana Jovi¢, Milos§ Tripkovié:

PAPER STRIPS DRIVEN DESIGN — APPLICATION ON DOUBLY CURVED SURFACES.............. 299

THE 5™ ICGG CONFERENCE | MONGEOMETRIJA 2016 | PROCEEDINGS | Belgrade: 23-26 June 2016 9



TABLE OF CONTENTS

Mirjana Devetakovic, Jelena Ivanovic, Ljiljana Petrusevski:

PEDAGOGIC POTENTIAL OF A PARAMETRIC SYSTEM BASED ON THE BOX PACKING
CONCEPT 305

Veljko B. Petrovié¢, Dinu Dragan, Dragan Ivetic:

PIXEL-BASED FOCUS EVALUATION ALGORITHMS WITH APPLICATIONS IN VISUAL
IMPAIRMENT SIMULATION 320

Marija Obradovi¢:

POLYHEDRAL FORMS OBTAINED BY COMBINIG LATERAL SHEET OF CP II-10 AND
TRUNCATED DODECAHEDRON 330

Ratko Obradovi¢, Tihomir Vejnovi¢, Igor Kekeljevi¢, Aleksandra Vejnovi¢, Nemanja Visnjevac, Mirko Rakovi¢,
Stevan Milatovi¢:

PRE PRODUCTION FOR DEVELOPMENT OF EDUCATIONAL 3D ANIMATION ACCORDING TO
VEJNOVIC MODIFICATION OF THE CESAREAN SECTION TECHNIQUE 338

Ivana Bajsanski, Milo§ Mandi¢, Bojan Tepavcevic:

PROCEDURAL MODELLING TOOLS IN ARCHITECTURAL EDUCATION 351

Marko Jovanovi¢, Dunja Salaj, Vesna Stojakovic:

REFLECTIVE METAL MATERIAL GENERATION IN ARCHITECTURAL VISUALIZATION...... 358

Gunter Weiss, Hitotaka Ebisui:
REMARKS ON PERSPECTIVE SIMPLICES 368

Dirk Huylebrouck:
REVERSE FISHBONE PERSPECTIVE 380

Aleksandar Cucakovié, Biljana Jovi¢, Andrea Pukin:

SHADOW SHAPES OF METHAMORPHOSES HYPERCUBE 387

Laszlo Voros:

SPATIAL RECONSTRUCTION OF IMPOSSIBLE PICTURES 397

Carmen Marza, Georgiana Corsiuc:

STUDY REGARDING THE GEOMETRY OF SOME CONNECTING PIECES FOR CIRCULAR DUCTS
403

Mihajlo Kocevski, Risto Tashevski, Tashko Rizov, Marijan Gavrilovski:

THE DESIGN PROCESS OF A MODERN MINER’S HELMET WITH INTEGRATION OF SAFETY
NEEDS 410

Domen Kusar, Mateja Volgemut:

THE IMPORTANCE OF A COMPREHENSIVE ANALYSIS OF STUDENTS’ CONTRIBUTIONS FOR
SPATIAL CONCEPT DEVELOPMENT 426

Aleksandar Cugakovi¢, Magdalena Dragovi¢, Marko Peji¢, Milesa Sreckovic, Jelena Pandzi¢:

THE POSSIBILITIES OF APPLICATION OF 3D DIGITAL MODELS IN CULTURAL HERITAGE
OBJECT PROTECTION AND RECONSTRUCTION 434

10 THE 5™ ICGG CONFERENCE | MONGEOMETRIJA 2016 | PROCEEDINGS | Belgrade: 23-26 June 2016



TABLE OF CONTENTS

Stefan Grceak, Stefan Djukic, Vukasin Vasic, Petar Pejic, Sonja Krasic:

THE PRESENTATION OF AN EXISTING CITY BLOCK LOCATED ON DR ZORAN DJINDJIC
BOULEVARD IN NIS BY USING AR MEDIA 444

Milica Veljkovi¢, Sonja Krasi¢, Petar Pejic:

USE OF THE TORUS IN THE DESIGN OF MODERN ARCHITECTURAL STRUCTURES.............. 445

Alexandru Dorin Popa, Anca Mihaela Mogosanu, Dragos-Laurentiu Popa, Alina Duta, Adriana Teodorescu:

VIRTUAL AND RAPID PROTOTYPING METHODS APPLIED IN CIVIL ENGINEERING: SNOW,
WIND AND EARTHQUAKE SIMULATIONS MADE ON A FIVE LEVELS BUILDING..........ccceveueeue. 453
Gabriel Buciu, Dragos-Laurentiu Popa, Dragos Niculescu, George Gherghina, Calin Daniel Cosmin, Dragos

Tutunea:

VIRTUAL AND RAPID PROTOTYPING METHODS APPLIED IN ORTHOPAEDICS.........ccceeueuuaee 467

Emil Molnar, Benedek Schultz:
VISUALIZATION AND ANIMATION OF NIL GEOMETRY 479

THE 5™ ICGG CONFERENCE | MONGEOMETRIJA 2016 | PROCEEDINGS | Belgrade: 23-26 June 2016 1



LJ. PETRUSEVSKI ET AL.: MODELING OF FOCAL-DIRECTORIAL SURFACES FOR APPLICATION IN ARCHITECTURE

MODELING OF FOCAL-DIRECTORIAL SURFACES FOR
APPLICATION IN ARCHITECTURE

Ljiljana Petrusevski

University of Belgrade - Faculty of Architecture, Belgrade, Serbia
PhD., Full Professor, ljpetrusevski@gmail.com

Maja Petrovic

University of Belgrade - Faculty of Transport and Traffic Engineering, Belgrade, Serbia
MSc., Assistant, majapet@sf.bg.ac.rs

Mirjana Devetakovic

University of Belgrade - Faculty of Architecture, Belgrade, Serbia
PhD., Assistant Professor, mirjana.devetakovic@gmail.com

Jelena Ivanovic

University of Belgrade - Faculty of Architecture, Belgrade, Serbia
MSc., Teaching Assistant, jelena.s.ivanovic@gmail.com

ABSTRACT

The theme of this paper is the modeling of focal-directorial surfaces, starting with their
definition, as a locus of points whose sum of the distances to the focus and/or directrix is constant
and predefined. We presented a heuristic algorithm for modeling surfaces and their isocurves,
achieved through the use of the Grasshopper visual programming editor in the RhinoCeros
environment. Surfaces and their isocurves were generated in a spherical grid, because a Cartesian
grid proved unsuitable for the task and the chosen approach. This paper additionally proposes a
modeling algorithm of a discrete variation of focal-directorial surfaces. The proposed modeling
method is a 3D convex hull implemented on a set of surface points, with the selected points close to
that surface. The discrete model is realized both in a Cartesian and spherical grid. There are
significant differences between the obtained results.

Keywords: focal-directorial surfaces, modeling, parametric model, surface
discretization, 3D convex hull

INTRODUCTION

Due to the development of new technologies, primarily construction technologies and new structural
systems, but also because of the rapid progress in the development of computer technology, architectural objects
of the 21st century are getting increasingly complex geometric shapes. Traditional orthogonal system is no
longer dominant, on the contrary, free, curved forms or parametrically designed shapes are going through an
expansion in architectural and urban design.

We can observe a faster development of geometry as a science related to current trends in architectural and urban
design. Constructive processing of geometric surfaces is facilitated through the use of modern software,
although, the opposite also applies, we have an increased application of constructive procedures for the
formation of new 2D and 3D elements (curves and surfaces) in most graphic software, [2], [7], [8], [10], [12].

The theme of this paper is the modeling of focal-directorial surfaces, starting with their definition, [1] and [5], as
a locus of points whose sum of the distances S to the focus and/or directrix is constant and predefined. We will
not delve into the problem of the generation and usage of implicit equations that describe them mathematically.
We presented a heuristic algorithm for modeling surfaces and their isocurves, achieved through the use of the
Grasshopper visual programming editor in the RhinoCeros environment, [4]. To speed things up, all tests were
first carried out in the programming language Processing, [9] and [11].
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Surfaces and their isocurves were generated in a spherical grid, because a Cartesian grid proved unsuitable for
the task and the chosen approach. We selected grid points whose sum of distances to the focus and the directrix
is within the limits of the predefined absolute error as surface points. As the spherical grid points are distributed
in a radial fashion, it turned out that each spoke contains several points for the adopted small step value, so we
made an additional improvement — selecting the point with the fewest error between all those points. Isocurves
are curves that pass through appropriate points, whereas the surface is a loft passing through one of two sets of
isocurves.

Surface discretization is a step in the right direction when it comes to applied architecture, [7] and [10]. This
paper additionally proposes a modeling algorithm of a discrete variation of focal-directorial surfaces. The
proposed modeling method is a 3D convex hull implemented on a set of surface points, with the selected points
close to that surface. The discrete model is realized both in a Cartesian and spherical grid. There are significant
differences between the obtained results. The result of algorithm application in the spherical grid is basically a
triangular mesh, and in the case of the Cartesian grid, through step variation in the grid and the allowed deviation
from the surface, we get varied polyhedral structures as discrete models of the same focal-directorial surface.

The objective of this paper is not to select surfaces suitable for use in architecture, instead, we chose examples
that clearly illustrate the content of the paper. Graphic, visual preview of the modeled surface is given in top
view, front view and right view, because perspective view alone would not be sufficient to properly view the
model.

2. MODELING ALGORITHM OF A FOCAL-DIRECTORIAL SURFACES
The basic idea of this heuristic algorithm is to define a discrete spherical coordinate system — spherical

grid. Each point on the grid is defined with spherical coordinates (wi’ej’rk)’ 0<¢@ <27, — 7 < 0, < r,
‘ 2

0 <r, <R where R should be a large enough value so the surface would be within the grid, and the grid itself
is set as a local coordinate system with the coordinate origin within the surface.

Angles 49]. are the points of division in the division of angle 7 to m parts, so 0< j<m, g = _ 7 and

m

o =L,
2

To maintain the same step, angles ¢, are the points of division in the division of angle 2z to 2m parts, so

0<i<2m, ¢, =0, ¢, =27

The third set of coordinates 7, are the points of division of the interval [O, R] to n parts, where k <n, 1, =0,

7, = R and number n should be large enough to ensure a sufficiently small step for the predefined accuracy.

For fixed ¢, and 0, points ( i,ej,rk), 0 < k < n belong to the ray that penetrates the surface. In this point of

penetration, the sum of distances to the focus and directrix equals the defined value S which defines the surface
together with the focuses and directrices. The basic idea is to select a point on the spherical grid closest to the
point of penetration, in other words, a grid point whose sum of distances to the focus and directrix is closest to
the defined value S. However, one should be careful and make sure that this difference falls within the limits of
the predefined absolute or relative error.

Therefore, the procedure should be carried out in two steps. In the first step, for every selected fixed value ¢,

and 0,,we should select points ((Pn 0,7 ) from the corresponding ray, whose sum of distances to the focus and

directrix is within the limits of the permitted error. For each properly selected step, i.e. for each sufficiently large
n, we get a number of such points. From the standpoint of permitted error, each of these points would be a good
solution, in other words, each of them could be accepted as a surface point.

However, the following step further improves accuracy. Among all these points, we selected the “best”, a point
P, = P((p’_,ej_ ), with the smallest error. This selection is realized in Processing with the use of an algorithm for

finding the smallest member, and in Grasshopper, using the available sorting of the error array while
simultaneously sorting points.
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The described procedure of selecting points P, = P(gpi’gl,), i=12,.,2m, j=12,.,m isrepeated for all

discrete values ¢, and 0, where we get a double set of points of the modeled surface.

Through interpolation, generation of the curve that passes through points P(¢i»‘9/)’ for fixed ¢@,, we get @

isocurves C,, i = 1,2,...,2m , and for fixed @,, we get 6 isocurves K,,j=12..,m.

By creating a lofted surface through the set of @ isocurves or through the set of & isocurves, we will get a
model of the focal-directorial surface.

2.1. Model of a Focal-Directorial Surface.

Focal-directorial surface as a locus of points whose sum of distances to predefined focuses and directrices
is constant, defined within an initial global coordinate system. Focuses and directrices are initially defined with
the use of Cartesian coordinates, but given the connection between spherical and Cartesian coordinates, it can be
said that the surface is defined by its focuses and directrices in the appropriate global spherical coordinate
system. We should somehow perform a rough estimation of the position and size of the surface so that the
auxiliary spherical grid could be positioned with the origin inside the surface and dimensioned so that it covers
the surface. However, the model is parametric and through a variation of the coordinate origin’s parametric
values and the upper limit of the third coordinate », grid points, we will soon experimentally obtain some

favorable values. The model is entirely realized through a parametric model in Grasshopper, all variables
described in the algorithm are parametrically defined. As input data, the focuses and directrices are defined as
follows: focuses are defined with their coordinates, whereas directrices are defined by selecting drawn lines or
defining a point and a line vector.

The selection of a local spherical coordinate system, its coordinate origin and position in space does not impact
the position or the shape of the surface, but it does affect the shape and position of isocurves that are expected to
mirror the character and behavior of the surface to some extent. Mathematically speaking, a change in the
spherical coordinate system represents the change of its parametric equations for the surface in the global
Cartesian coordinate system, i.e. reparametrization, hence its significant impact on the isocurves is quite clear.

If we exclude rotation as a method of switching from the global to the local coordinate system, the translation
itself only results in the change of the coordinate origin’s position. It was observed that such changes produce
interesting results that refer to the isocurves of focal-directorial surfaces.

As an illustration of isocurve behavior, this paper chose an example of a simple surface with three focuses
P(-12,0,0), £(0,12,0), P,(5,5,5) and a constant sum of distances to the focus § =35 . Figure 1 shows the said

surface with six isocurve variations.

front view

top view

Figure. 1: Isocurve variations on a trifocal surface
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By varying the position of the coordinate origin of the local spherical coordinate system (Figure 1), we get
different sets of isocurves whose discretization results in various spatial structures based on the same focal-
directorial surface. Many of these isocurves don’t visually match the behavior of the surface, and some can even
generate visual illusions about the appearance of the surface itself. This fact should not be necessarily viewed in
a negative context from the standpoint of architectural application, although control is necessary, as well as the
ability to generate isocurves that mirror the behavior of the surface to a sufficient degree.

For that purpose, authors of this paper suggest another step in the modeling algorithm of focal-directorial
surfaces. In the second iteration, with the coordinate origin of the spherical grid in the centroid of the obtained
model. Results obtained on the example of three surfaces P.1, P.2 and P.3, are shown in Figure 2. The obtained
isocurves mirror the behavior of the surface, express their character and clearly indicate the existing symmetries
and antisymmetries within the surface.

top front right
P.1.
P2.
Focal-directorial surface
P.3.
Trifocal surface

Figure. 2: Isocurves of modeled surfaces — spherical grid with the coordinate origin in the centroid

Figure 2 first shows a surface P.1. with the isocurve variation shown in Figure 1. It is a focal surface whose
focuses are three points in space: the first on the x — axis P(~12,0,0), the second on the y —axis P,(0,12,0) and
the third point outside the coordinate axes, P,(5,5,5). The sum of distances between the surface points and the
focuses is 35. It is a general case of a scalene triangle, so the surface is not expected to have other planes of
symmetry, except the plane of the triangle itself pp,p,. The resulting isocurves do not display the existing
symmetry. In order for it to be visible, we should perform an additional rotation of the coordinate system or drop

the triangle whose vertices are the focuses into the horizontal plane, then perform the modeling. Given that this
is not a general problem, it only applies to a trifocal surface, the authors have not tried to model such isocurves.

The next surface, shown in Figure 2, manifests a strong antisymmetry. It is the focal-directorial surface P.2. with
two bypassing directrices and one focus. Directrices are the diagonals of two sides of a regular triangular prism,
whereas the focus is outside the prism, point P(5,5,0) (Figure 3). In its part toward the directrices, it behaves as
a directorial surface, and in the part toward the focus, as a focal surface. This behavior of the surface is mirrored
by the shape of isocurves.
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Figure. 3: Figure 3: Positions of the directrices and the focus on the example of a focal-directorial surface — P.2.

The third presented surface P.3. is a focal surface with focuses in the vertices of an isosceles triangle, so the
plane symmetry of that surface in relation to the symmetric plane of the triangle base is expected. In addition, all
focuses B(-5,-5,0), P(~550) and P,(10,0,0) belong to the same horizontal coordinate place, hence, it is

expected that the said plane is a plane of symmetry of the surface. Symmetry of isocurves clearly indicates the
symmetry of the surface. The sum of distances between the points of this surface and the focus is 35.

2.2. Discrete Model of a Focal-Directorial Surface.

This paper proposes the generation of a discrete model of a focal-directorial surface as a convex hull of the
selected set of points. Convex hull is the smallest convex set that contains the defined set of points. For points in
a plane, the convex hull is a polygon, and for points in space that do not belong to the same plane, it is a
polyhedron. Some of the defined points are vertices of the polyhedron, whereas all other points are outside of it.
To generate a convex hull in Processing, we used an algorithm from the ComputationalGeometry library. We
performed model testing in Processing and realized it in Grasshopper afterwards. Grasshopper definition
includes the convex hull algorithm in the script, and for everything else (discrete grid, point selection and result
finalization) we used Grasshopper components. The result of the script algorithm for the convex hull is a
polyhedron as a triangular mesh. Through additional examination of whether the triangles belong to the same
plane or not, we get a convex hull with visible polygonal sides.

Unlike the continuous model of the focal-directorial surface, the discrete model is realized in a spherical and
Cartesian grid. We already explained the spherical grid in detail, a small step for » ensures sufficient precision,
and through step variations for ¢ and € we get different variations of the solution. In the Cartesian grid, we

choose the step arbitrarily, based on variables x and y arbitrarily, and the step based on variable z should be

small enough in order to ensure sufficient precision in surface points selection. The step based on variables x
and y impacts the final outcomes, because through variations of these values, we get different variations of

polyhedral as discrete models of focal-directorial surfaces.

Convex hull is formed as a sheath for the selected grid points. The points were selected in two ways.

In the first version, we selected grid points (¢7159j9rk) on a spherical grid, or (x,-> Vi, Zk) on a Cartesian grid,
whose sum of distances to the focuses and directrices Sy satisfies §—¢ < Sy <8 where S is a predefined

number that defines the surface together with focuses and directrices and ¢ is an arbitrarily selected, but
sufficiently small number that provides the selection of a reasonable number of points from inside the body
confined by the closed focal-directorial surface. Geometry of the convex hull depends on external points, so the
obtained solution for the adopted grid is unique, regardless of the selected value for & . Through step variation
in the grid, we get different polyhedra as discrete models of the focal-directorial surface.

In the second version, we selected grid points located in the predefined close proximity of the surface, points
whose sum of distances to the focus and directrix S equals S within limit of a predefined error §

(

changes in external points, resulting in various polyhedra as discrete models of the focal-directorial surface. In

S~ S‘ < 6). In this version, the solution depends on §. Even very small changes in the value of § lead to
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addition, variations of the grid step result in new variations of polyhedra, which represent new discrete models of
the focal-directorial surface provided they are within the limits of the permitted deviation.

We performed the modeling of several surfaces, both in a spherical and Cartesian grid, parallelly for both
versions of point selection. In the case of the spherical grid, we can say that the outcome of applying the convex
hull algorithm is a triangulated surface. Almost all sides of the obtained polyhedron are triangles, except a very
small number of quadrilaterals that do not have much significance in the preview. Therefore, the authors of this
paper accepted the triangular mesh generated by the script itself as the result in the case of the spherical grid,
without any additional research on whether some triangles belong to the same plane and make multilateral
polyhedra. We can practically say that through the application of the convex hull, we performed surface
triangulation. Figure 4 shows the obtained triangular mesh of the focal-directorial surface P.2. with two
directrices and one focus, a continuous model of which was already presented in the previous section of the
paper. Convex hull algorithm is implemented on a set of points whose sum of distances to the directrices and the
focus differs from the defined sum S by less than 5= 0.2625 . The change of the spherical grid, i.e. step ¢ and

0, would affect the size of the triangles, theoretically, it would be a new polyhedron, but in any case, it is a
triangulated surface.

(a) top view (b) front view (c) right view
Figure 4. Discrete model of the focal-directorial surface P.2. - triangulation-convex hull in a spherical grid

A Cartesian grid yields far more interesting results. A discrete model obtained as a convex hull in the Cartesian
grid is shown in Figure 5 (Example I). Convex hull algorithm is applied on a set of points of the Cartesian grid,
whose sum of distances to the focus and directrices Sii satisfies S —g< Sy <8 where ¢=0.05. Discrete
model is shown in the first row with a step for x and p 0.25, and the model in the second row with a step 0.5.
The step for z has not changed and equals 0.2. The change of step for x and y significantly affects the
resulting polyhedron, which is naturally best seen in top view.

Figure 5. (Example IT) shows two versions of the discrete model of the same surface, but with different methods
of selecting grid points on which the convex hull was applied. We selected points in the immediate vicinity of
the surface (‘Sijk _ S‘ < &) with the permitted deviation of § =0.05 for the surface in the first row and § =0.01
for the surface in the second row. Discrete models shown in the picture above are just an illustration of possible

variations, which are virtually unlimited in number. We selected an asymmetric focal-directorial surface for the
preview so as to present the most general and comprehensive case possible.
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top front right

0.25;
0.25;
0.2

Steps for
X5 V5 2

Example II

Figure 5. Discrete model of the focal-directorial surface P.2.
(examples I and II, convex hull with two different versions of point selection)
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The symmetry is mirrored in the symmetry of the discrete mode. Figure 6. shows a model of a focal surface with
focuses in the vertices of an isosceles triangle, which is the example described in detail in the previous section of
the paper. Two planes of symmetry can be clearly read on the discrete model.

(a) top view (b) front view (c) right view
Figure 6. Discrete model — An example of a focal surface with two planes of symmetry

3. CONCLUSION

The family of focally generated 3D elements include: sphere, Cassini surface and m-ellipsoid, [3], [6]. This
paper discussed well-known focally generated 3D elements and a new type, focally-directorially generated 3D
elements. By changing the small number of parameters (position of the focus and/or directrix), we can
significantly influence the change of shape of the generated element, hence these forms can be adapted, adjusted
and transformed according to the requirements of the architectural task. Because of their geometrically definable
forms, flexibility of shape, and morphological compatibility with the feasible structures, favored by current
trends in design, focally-directorially generated elements provide a basis for exploring their suitability in the
design of architectural and urban spaces.

This paper first presented an algorithm of continuous focal-directorial models in a spherical grid. The model
represents a good approximation of a focal-directorial surface in terms of the ability to achieve sufficient
preview accuracy. Through the variation of the spherical grid, we come to the variation of isocurves, which
represent a good basis for the variation of discrete spatial structures that display the same surface. By connecting
the appropriate points of the isocurves, we can achieve triangulation in a simple manner, which is a standard
procedure omitted from this paper because of its scope.

Displayed triangulation is obtained with a Convex hull with the origin of the spherical grid in the center of
gravitz, which enables an even distribution of the triangles. Of course, triangles are not congruent, nor equal in
size, their shape and size depend on the local behavior of the surface. However, if we significantly displaced the
coordinate origin from the centroid, it would cause significant differences in the shape and size of the triangles.
They would be grouped by size, small ones on one side, significantly larger ones on the other, which may be the
subject of further research in the field of applied architecture.

In the case of the Cartesian grid, the position of the coordinate system is irrelevant. A significant role in this case
belongs to the grid step. Two coordinates globally determine polygon sizes, and the step for the third is
responsible for the accuracy of the surface preview. Obtained polyhedral structures are the result of the step-third
coordinate ratio and the required accuracy in point selection. Through variations of that ratio, we get different
polyhedral surfaces.

When it comes to preview accuracy, greater deviations may be allowed. In that case, we could talk about discrete
spatial structures inspired by focal-directorial surfaces, instead about the modeling of such surfaces. In contrast,
if we demanded small deviations and if we coordinated grid step with the required preview accuracy of surface
points in the grid, the expected result would be a triangulated surface as a very good approximation of the focal-
directorial surface. This model has not been realized in this paper.
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